Abstract. We demonstrate that atmospheric neutrino data accumulated with the AMANDA and the partially deployed IceCube experiments constrain the allowed parameter space for a hypothesized fourth sterile neutrino beyond the reach of a combined analysis of all other experiments, for ∆m 2 41 1 eV 2 . Although the IceCube data wins the statistics in the analysis, the advantage of a combined analysis of AMANDA and IceCube data is the partial remedy of yet unknown instrumental systematic uncertainties. We also illustrate the sensitivity of the completed IceCube detector, that is now taking data, to the parameter space of 3+1 model.
Introduction
Data from atmospheric, solar, accelerator and reactor neutrino oscillation experiments have firmly established the pattern of oscillation of the three flavors of neutrinos [1] . The origin of oscillation is the non-vanishing masses and non-trivial mixing of the neutrino states. The 3ν scheme of the neutrino sector of Standard Model has established the existence of two masssquared differences ∆m 2 sol ≡ ∆m 2
21
8 × 10 −5 eV 2 and ∆m 2 atm = |∆m 2 31 | |∆m 2 32 | 2 × 10 −3 eV 2 related, respectively, to solar and atmospheric neutrino flavor oscillations (∆m 2 ij ≡ m 2 i − m 2 j ). The three mixing angles in the 3ν scheme have also been measured: from solar [3] and KamLand [2] data sin 2 θ 12 0.3; from atmospheric [4] and MINOS [5] data sin 2 θ 23 0.5. Recently the Double-CHOOZ [6] , RENO [7] and Daya-Bay [8] experiments established a nonzero value for the last mixing angle sin 2 θ 13 0.1. Over the years a variety of experimental results have challenged the 3ν framework, although none with completely convincing statistics. The simplest extension of the 3ν framework to accommodate these anomalies is the so-called 3 + 1 scheme which assumes the presence of a fourth, mostly sterile, neutrino state with mass m 4 . The first hint came from the LSND experiment in a search for the appearanceν e in aν µ beam over a base-line L 30 m and neutrino energy 20 MeV ≤ E ν ≤ 200 MeV [9] . The possible observation ofν µ →ν e by LSND can be accommodated by intorducing a new mass-squared difference ∆m 2 41 0.2 − 10 eV 2 . The MiniBooNE experiment with base-line L 540 m and neutrino energy 200 MeV ≤ E ν ≤ 1.25 GeV and, therefore, the same L/E ν as LSND, also has seen excess at 3.8σ level in bothν µ →ν e and ν µ → ν e search channels [10] .
Recently the re-evaluation of theν e flux from reactors resulted in a 3.5% increase in the expected flux [11, 12] . With this new reactorν e flux, the combined results of all short baseline reactor neutrino experiments show a 3σ deficit in the observed versus predicted number of events, the so-called "reactor anomaly" [13] . It can also be interpreted as evidence for a new mass eigenstate with ∆m 2 41 
eV
2 . The observed 2.7σ deficit in the expected number of events in the calibration of the solar neutrino experiments GALLEX and SAGE, the socalled "gallium anomaly" [14] , also hints on the presence of a new mass-squared difference of the same order as reactor anomaly. The combined reactor and gallium anomalies exclude the no-oscillation hypothesis at 3.6σ confidence level [13] .
A hint on the presence of extra relativistic degrees of freedom also emerged from cosmology; the so-called "dark radiation" [15] [16] [17] (also see [18] and references therein). Although the significance of these hints depends on the data sample used in the analysis and on the assumptions regarding the cosmological models, various analyses favor the presence of light sterile neutrinos at ∼ 2σ level with mass-squared difference ∆m 2 41 ∼ 0.1 eV 2 .
While not compelling at the moment, it is imperative to test the evidence and one opportunity is provided by investigating the effects of light sterile neutrinos on the atmospheric neutrino flux. The partial propagation of atmospheric neutrinos through the Earth in a sterile state significantly modifies by the matter effects. With a mass-squared difference ∆m 2 41 ∼ 1 eV 2 matter effect induces a MSW active-sterile resonance flavor conversion of thē ν µ (ν µ for ∆m 2 41 < 0 ) at the energies ∼ TeV [19, 20] . The resonance leads to a distortion of the observed zenith angle distribution of atmospheric neutrino events. The construction of the km 3 -scale neutrino detector IceCube at the South Pole, sensitive to neutrinos in this energy range, has opened a window to search for the telltale distortions in the spectrum of atmospheric neutrinos. Specifically, atmospheric neutrino data taken with IceCube-40 [21] (i.e. the half-completed IceCube-86 detector), have raised the possibility of obtaining improved fits to the zenith angle distribution within the 3+1 scheme, or, alternatively, using the measurement to constrain its parameter space [22] [23] [24] [25] .
In this paper we revisit the information that IceCube can provide on the possible existence of sterile neutrinos. Key is that our analysis combines the atmospheric data obtained by AMANDA-II over 6 years [26] with those of IceCube-40 [21] . Analyses like this are at best illustrative because of the role of systematic errors which have to be evaluated by the experiments. The main systematic uncertainties can be divided in two categories: the physics uncertainties (such as the kaon to pion ratio and the spectral slope of the primary cosmic rays which produce the atmospheric neutrino flux) and instrumental uncertainties (originating from the geometry of detector, the angular sensitivity of the digital optical modules in the detector and the properties of the ice). The instrumental uncertainties are very different for the IceCube-40 and AMANDA-II experiments due to their different geometries and different depths. Although, due to the huge statistics of IceCube-40 data with respect to AMANDA-II, the main sensitivity of our analysis results from IceCube-40, combining data from two different experiments may partially remedy the problem of estimating instrumental systematic uncertainties. Our main conclusion is that the data do not support the existence of a fourth neutrino in the eV and sub-eV mass range and, on the contrary, yield limits on its parameter space that are stronger than those obtained from a combined analysis of all the other data [27] , for ∆m 2 41 
2 . We also present an estimate of the reach of the completed IceCube detector now taking data. Although the final sensitivities require an analysis that can only be performed by the individual experiments, we are confident that the relative sensitivities, discussed here, are reliably estimated.
After introducing the oscillation pattern in the presence of a fourth neutrino in section 2, we confront it with the atmospheric neutrino data of AMANDA and IceCube-40 in section 3. Our conclusion will be given at section 4.
Oscillation probability in 3+1 scheme
The 3+1 scheme for neutrino masses consist of three mostly active neutrinos with masses (m 1 , m 2 , m 3 ) that accommodate the observation of solar and atmospheric oscillations, and a mostly sterile state with mass m 4 separated from active states by ∆m 2 41 ∼ 1 eV 2 ∆m 2 21,31 . In this scheme, due to the large ∆m 2 41 and small active-sterile mixing, the effect of the sterile neutrino on the solar neutrino oscillation and conventional atmospheric neutrino oscillation (E ν ∼ GeV) is negligible. However, the new large mass-squared difference induces an activesterile oscillation at short base-lines ∼ 10 m for neutrinos with energy E ν ∼ 100 MeV, which is invoked to interpret the LSND, MiniBooNE, reactor and gallium anomalies [27] [28] [29] [30] [31] [32] [33] [34] [35] .
The addition of one neutrino state leads to a generalization of the PMNS matrix to a 4 × 4 unitary matrix and introduces three new mass-squared differences ∆m 2 4i (i = 1, 2, 3). However, since ∆m 2 41 ∆m 2 21,31 , the 3+1 model effectively introduces four new parameters to the oscillation phenomenology: one mass-squared difference ∆m 2 41 and three angles (θ 14 , θ 24 , θ 34 ) describing the active-sterile mixing. Assuming that all the CP-violating phases vanish, the 4 × 4 unitary mixing matrix U 4 can be parametrized in the following way [36] :
where R ij (θ ij ) (i, j = 1, . . . , 4 and i < j) is the 4 × 4 rotation matrix in the ij-plane with the angle θ ij , with elements
2) where c ij ≡ cos θ ij and s ij ≡ sin θ ij .
The atmospheric neutrinos propagate through the Earth before detection at up-going zenith angles at the South Pole. The evolution of the neutrino flavors inside the Earth is described by the following equation (α, β = e, µ, τ, s)
where M 2 is the mass-squared differences matrix given by
The diagonal matrix V(r) is the matter potential as a function of distance r given by
Here N e (r) and N n (r) are the electron and neutron number density of the Earth which we have fixed using the PREM model [37] . The last term in Eq. (2.3) takes into account the absorption of neutrinos inside the Earth; and the absorption matrix Γ is given by 6) where Γ α = σ ναp N p (r) + σ ναn N n (r). N p (r) and N n (r) are the proton and neutron number densities of the Earth and σ ναn(p) is the total (charged current + neutral current) interaction cross section of ν α with neutrons (protons). The neutrality of Earth implies that N e (r) = N p (r) and, to a good approximation N n (r) = N p (r): departures are less than 3%. Also, since the absorption of neutrinos inside the Earth is important for E ν 10 TeV, the charged lepton mass effect in the charged current cross section is negligible and we can assume that Γ e = Γ µ = Γ τ ≡ Γ. The same equations as Eq. (2.3) describe the propagation of antineutrinos after replacing the cross section for neutrinos with those for anti-neutrinos and changing the sign of V(r). The flux of atmospheric neutrinos with energies E ν 100 GeV is mainly composed of ν µ andν µ . The ν e andν e flux is more than one order of magnitude smaller. The ν τ (ν τ ) flux is negligible up to energies of E ν ∼ 100 TeV where the charm contribution may surpass the conventional atmospheric flux. The onset of this flux has not been observed. IceCube detects the Cherenkov radiation from muons produced in charged current interaction of ν µ andν µ with the nuclei inside or in the vicinity of detector. Thus, in our analysis we consider the survival probability of muon (anti-)neutrinos. The baseline of up-going atmospheric neutrinos detected by IceCube detector varies from zero for horizontal neutrinos to the diameter of the Earth 2R ⊕ ∼ 1.3 × 10 4 km for vertical up-going events. For neutrinos with the energy E ν 100 GeV, the flavor oscillations resulting from the ∆m 2 21 and ∆m 2 31 mass splittings are negligible and the survival probability of muon (anti-)neutrinos in the 3+1 scheme in vacuum is given by
where sin
. However, the three parameters (θ ee , θ eµ , θ µµ ) are not independent and the limits on two of them can be translated to the other one; see Refs. [33] [34] [35] for the global analysis and the interdependency of the mixing parameters.
Although the vacuum survival probability for muon (anti-)neutrinos only depends on the θ 14 and θ 24 , because of the critical role of matter effects through MSW resonant flavor conversion in our analysis, the survival probability also depends on the θ 34 . This can be seen by writing the evolution equation Eq. (2.3) in the so-called propagation basis where the total Hamiltonian is diagonal. To illustrate the point, consider the evolution equation written in the basis (ν e , ν µ , ν τ , ν s ) T = R 34 R 24 (ν e , ν µ , ν τ , ν s ) T . It is easy to check that the presence of the matter potential V and its nonzero element N n , through the term R 34 ·R 24 ·V·R 24 † ·R 34 † , results in the dependence of the survival probability on θ 34 (for the details see Ref. [23] ). Also, taking into account the current upper limit on the sin 2 2θ ee ≡ sin 2 2θ 14 from the reactor disappearance experiments, the dependence of the survival probability on θ 14 is very weak. We therefore make the approximation that θ 14 = 0, which implies θ µµ ≡ θ 24 . Fig. 1 shows the oscillogram of theν µ survival probability for different values sin 2 2θ µµ and for fixed value ∆m 2 41 = 1 eV 2 and θ 34 = 0, taking into account the absorption inside the Earth. In each oscillogram the axes are neutrino energy and the cosine of the zenith angle at IceCube. With increasing values of sin 2 2θ µµ the presence of a dip in the survival probability develops for neutrino energies ∼ TeV. The decrease in the survival probability at higher energies and vertical directions (cos θ z −1) comes from the attenuation of the neutrino flux by the Earth (the last term in Eq. (2.3)). Also, for near vertical directions (cos θ z ∼ [−1, −0.8]) the parametric resonance resulting from the propagation of neutrinos through the alternating mantle-core-mantle densities inside the Earth, will play a role [38] . To compare the survival probabilities forν µ and ν µ , in Fig. 2 we show the oscillograms of P (ν µ → ν µ ) for the same mixing parameters as Fig. 1 . For the ν µ survival probability there is no MSW effect and therefore no dip. The absence of the MSW resonance for ν µ is a consequence of the normal hierarchy that we assumed between the active and sterile neutrino masses (∆m 2 41 > 0). For the inverted hierarchy (∆m 2 41 < 0) the resonance flavor conversion occurs for the ν µ channel and not forν µ . However, from cosmological considerations, the ∆m 2 41 < 0 is strongly disfavored, because, in this case, the three active neutrino masses will all be at the ∼ eV scale. In our analysis we consider the normal case (∆m 2 41 > 0) only.
(a) P (νµ →νµ) for sin 2 2θµµ = 0.001 (b) P (νµ →νµ) for sin 2 2θµµ = 0.01 (c) P (νµ →νµ) for sin 2 2θµµ = 0.1 (d) P (νµ →νµ) for sin 2 2θµµ = 0.3
Figure 1:
The oscillogram for the survival probability P (ν µ →ν µ ) for ∆m 2 41 = 1 eV 2 , sin 2 θ 34 = 0 and the different values of sin 2 2θ µµ indicated in each sub-caption. The survival probability includes the attenuation of the neutrino flux inside the Earth from the charged and neutral current interaction with nuclei.
Parameter constraints from IceCube-40 and AMANDA-II data
The number of events expected in IceCube can be calculated by the convolution of the neutrino flux with the effective area A eff of the detector: where T is the livetime of data-taking and the 2π factor comes from the integration over the azimuthal angle. The Φ ν(ν) (E ν , cos θ z ) is the flux of atmospheric (anti-)neutrinos as a function of neutrino energy and zenith angle in units GeV −1 m −2 s −1 sr −1 . The conventional atmospheric neutrino flux comes from the decay of pions and kaons produced in the interactions of cosmic rays with the Earth's atmosphere. From a few GeV to ∼ 100 TeV this flux dominates and we will parametrize it following its calculation by [39] . For energies 100 TeV the contribution from the decay of charmed mesons and baryons may play a role, the so-called prompt flux, and we use the calculation of [40] to represent its possible contribution in this analysis.
We analyze the data of the IceCube-40 and AMANDA-II experiments. The IceCube-40 experiment measured the atmospheric neutrino flux in the energy range 100 GeV−400 TeV with a livetime of T = 359 days; we use the effective area (separately for neutrinos and antineutrinos) in ten bins of cos θ z (with bin width 0.1) and 12 bins of E ν (with bin width 0.3 in log 10 (E ν /GeV)) [21] . The AMANDA-II experiment measured the atmospheric neutrino flux in the energy range 10 1.5 − 10 6 GeV for 1387 days of data-taking [41, 42] . We used the effective area (separately for neutrinos and anti-neutrinos) in ten bins of cos θ z (with bin width 0.1) and 25 bins of E ν (with bin width 0.18 in log 10 (E ν /GeV)) [43] . The complete set of effective areas we used in our analysis are shown in Figs. 4 and 5 at the end of paper.
In the calculation of the number of events using Eq. (3.1), the effective area is convoluted with the atmospheric flux of neutrinos at the surface of Earth. This means that the attenuation of the neutrino flux inside the Earth is encoded in the effective area. But, in the presence of sterile neutrinos at 3+1 model, the attenuation of the neutrino flux is different from the standard 3ν framework due to the singlet nature of sterile neutrinos. In the 3ν framework and for energies E ν 100 GeV the Γ term in Eq. (2.3) is flavor blind (diagonal) which enables us to factor out the attenuation term from the evolution equation. In this case the attenuation can be incorporated into the probability by a multiplicative exponential factor exp[ΓX(cos θ z )], where X(cos θ z ) is the slant depth as a function of zenith angle. In order to take into account the difference in the absorption of neutrinos inside the Earth between 3ν and 3+1 models, we divide the effective area in each bin by the averaged attenuation exponential factor for 3ν model in that bin. Then, in the calculation of number of events in Eq. (2.3), we insert the probability of oscillation including the absorption for the 3+1 model.
To illustrate the reach of the IceCube-40 and AMANDA data to constrain the 3+1 model, we define the following χ 2 function 2) where N data i is the observed number of events in i th bin of cos θ z and N
3+1 i
is the expected number of events in the i th bin of cos θ z assuming the 3+1 model with the mixing parameters (∆m 2 41 , θ 34 , θ 24 ). The σ i = N data i in the denominator represents the statistical error in the observed events. The factor α is the normalization factor that represents the uncertainty in the normalization of the atmospheric neutrino flux with σ α = 0.3 . Fig. 3 shows the 3σ confidence level allowed region in the (∆m 2 41 , sin 2 2θ µµ ) plane from the combined analysis IceCube-40 and AMANDA-II data (red dashed curve). The allowed region corresponding to the IceCube-40 data set alone, is very close to red curve in Fig. 3 , which means that due to the lower statistics, the contribution of AMANDA-II data set to constraining the parameter space is small. The best-fit to the data corresponds to the 3ν framework. Introducing a sterile neutrino deteriorates the fit (increases the χ 2 value). The black solid vertical line shows the upper limit on the mixing angle (independent from the mass-splitting value) which comes from the non-observation of the oscillation pattern in the low energy down-going atmospheric neutrinos which leads to requirement of large mixing elements corresponding to light mass states (i. e. large The allowed region in the (∆m 2 41 , sin 2 2θ µµ ) parameter space from the combined analysis IceCube-40 and AMANDA-II data (red dashed curve) at 3σ confidence level. The green solid curve shows the 3σ upper limit from the disappearance data taken from Ref. [35] . The blue dotted curve shows an estimate of the 3σ sensitivity of IceCube-80 after three years of data-taking. The black vertical line shows the upper limit from low energy atmospheric neutrino oscillation data [44] .
for the complete IceCube detector to constrain the 3+1 model after three years of datataking. However, it should be mentioned that for the sensitivity of IceCube-80, we have used a coarse binned non-optimized effective area [45, 46] and the sensitivity of the full IceCube80+DeepCore should be significantly better. The weaker constraint for larger values of ∆m 2 41 results from the fact that by increasing the value of the mass-splitting the dip in the survival probability shifts to higher energies; where the flux of atmospheric neutrinos is reduced and the statistics worse. This will be remedied by future data from the completed detector. For the ∆m 2 41 ∼ 0.1 − 1 eV 2 the resonance occurs at 0.3 − 3 TeV, where the flux of atmospheric neutrinos is sizable and the detection efficiency is optimized.
According to the analysis performed in this letter, the 3 + 1 scheme is disfavored. From the global fit of short base-line experiments data and the MiniBooNE neutrino and antineutrino data 1 , the best-fit values of the 3 + 1 mixing parameters are (∆m 2 41 , sin 2 2θ µµ ) = (0.9 eV 2 , 0.083) [27] . The data of AMANDA-II and IceCube-40 exclude this point at 2σ level. After three years of data-taking with IceCube-80 it is possible exclude this point at ∼ 3.2σ level.
The Refs. [23] and [24] also look for the evidence of sterile neutrino in IceCube-40 data. In [23] the authors show that the 3 + 1 scheme is disfavored in comparison with the 3ν case. However in the analysis of [23] , the same effective area for neutrinos and antineutrinos has been used, that can mislead the result. Also, the parameter space of 3 + 1 is not scanned in [23] and they calculate the χ 2 value for a few points in the 0.5 eV 2 < ∆m 2 41 < 3.0 eV 2 . In the Ref. [24] also, the authors consider the IceCube-40 data with the cut E ν > 332 GeV and again the effective area used in the analysis is not optimized. In [24] the authors conclude that more information is necessary to draw a conclusion about the sterile neutrino hypotheses. In this letter we used the full AMANDA-II and IceCube-40 data sets with the widest energy distribution available. We considered fine-binned effective neutrino area separately for neutrinos and anti-neutrinos. Also, we implemented a full scan of the parameter space : 0.1 eV 2 < ∆m 2 41 < 10 eV 2 for mass-squared difference and complete range for the mixing parameter sin 2 2θ µµ .
Summary and Conclusion
The presence of a fourth sterile neutrino state leads to a distortion of the zenith angle distribution of high energy atmospheric neutrinos through the MSW active-sterile resonance inside the Earth. The energy range of the resonance is ideally covered by the South Pole detectors, IceCube and AMANDA. The presence of this resonance is not supported by the present evidence. We have shown that the 3+1 model is severely constrained. The limit obtained in our analysis is stronger than the combined limit of all other experiments, for the active-sterile mass-squared differences ∆m 2 41 1 eV 2 . Also, we have shown that the completed IceCube detector can test the 3+1 model for mixing angle as small as sin 2 2θ µµ ∼ 10 −2 . The complete detector has already collected data for more than one year and IceCube will therefore further constrain the presence of sterile neutrino, or possibly discover it. 
